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Abstract: The lack of anisotropic properties in GaAs prevents the use of birefringence as
a phase matching technique in three-wave mixing with GaAs as a nonlinear medium. When
metallic nanowires are embedded in GaAs, the composite structure is characterized as a
metamaterial with anisotropic properties, if the separation distance between the nanowires is
less than the wavelengths of the mixed waves. The effective permittivity is used to investigate
this metamaterial structure with its anisotropic properties theoretically in terms of phase
matching for difference frequency generation. The resultant difference frequencies, which
are in the mid-infrared region, are broadly tunable from 2.8 to 11 μm. This tuning is performed
by varying the pump and the signal wavelengths in the range between 1 to 2 μm. The losses
of the structure due to absorption are included using the transfer matrix method.
Index Terms: Nonlinear wave mixing, metamaterial, phase matching, semiconductors,
metals.
1. Introduction
Phase matching, which involves momentum conservation of the photons, is the most important
aspect to consider in nonlinear optical frequency mixing [1]. In general, phase matching requires
the medium to be a non-dispersive material. Although the materials are dispersive, phase matching
is achieved by using birefringence and quasi-phase matching techniques in media made of materials
such as periodically poled lithium niobate (PPLN), potassium titanate phosphate (KTP), and barium
borate (BBO). Difference frequency generation is used to generate optical frequencies that cannot
be generated by using ordinary laser sources. Most difference frequency generation (DFG) based
on parametric wavelength conversion uses nonlinear crystals, such as PPLN, KTP, BBO, and lithium
niobate [2], [3]. GaAs and InP, with a cubic lattice structure from the III–V semiconductor group,
are alternative for optical frequency mixing [4]. Optical mixing based on InP material for second
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harmonic generation and optical rectification were experimentally verified for 1.55 μm fundamental
wavelength [5]. GaAs, with larger second-order susceptibility χ(2) and wide transparent infrared
optical window, from 1 μm to 17 μm, is a better candidate for difference frequency generation [6].
Despite these advantages, it is not possible to use birefringence phase matching techniques with
GaAs or InP, due to their isotropic properties.
There are other methods for achieving phase matching in III–V semiconductors with a cubic
lattice structure, for difference frequency generation, such as quasi-phase matching, modal phase
matching, domain-disordered quasi-phase matching, and suspended GaAs waveguides [6]–[10].
Tunable emissions from 6.7 μm to 12.7 μm have been demonstrated in a nonguided orientation
patterned GaAs [11], and the longest wavelength was generated through DFG in AlGaAs waveguide
from 7.5 μm to 8.5 μm [12].
Phase matching by using artificial anisotropy is possible if a strongly anisotropic structure can
be obtained. Artificial birefringence using multi-layered GaAs/AlAs was first proposed by J. P. van
der Ziel [13]. Relatively large birefringence has been demonstrated with the multilayer structure of
oxidized GaAs/AlAs [14]. Phase matching has been achieved for parametric amplification of down
conversion by using artificial birefringence in multilayer waveguides of oxidized GaAs/AlAs [15].
Phase matching has been demonstrated for a DFG by using artificial birefringence with a multilayer
structure of GaAs/Alx Ga1−x As, with three layers of Alx Ga1−x As and one layer of GaAs [16].
Obtaining a large birefringence or a strongly anisotropic structure has been challenging. The use
of an optical metamaterial with metallic nanowires is an alternative method of obtaining a strongly
anisotropic structure [17]–[21]
In the present research, we performed a theoretical investigation of the phase matching aspect
of DFG in a slab medium of a metamaterial structure of GaAs with permittivity εG aA s as the host
material, with inclusions of periodic arrays of silver nanowires. To our knowledge, there have been no
published attempts made to use nanowires with GaAs metamaterials structure for phase matching
to generate mid-infrared wavelengths (terahertz frequencies).
2. Theory
The metamaterial structure that is composite of a dielectric and very thin periodic metallic wires
could have an effective plasma frequency below the bulk plasma frequency which is generally in
the ultraviolet (UV) range. The effective plasma frequency is changeable and could be reduced
to IR, THz, or GHz by changing the period of the wires [22]–[24]. In metamaterial structures,
where metal and dielectric nanoparticles are intermixed together within the scale of nanometers,
finding the optical response of such structures by solving Maxwell’s equations is impossible be-
cause of the complexity of the boundary conditions. An inhomogeneous structure with a scale less
than the wavelength is treated as one macroscopically uniform medium using the approximation of
the effective medium approach [17]. Under this approximation, the scattering response by individual
metal and dielectric nanoparticles is determined from the average response of the whole system
using the effective permittivity [17].
The geometry analyzed in this work is a slab of a composite structure of periodic arrays of silver
nanowires of a period d and a radius a embedded in GaAs with electric permittivity εG aA s as a
host medium, as shown in Fig. 1(a). Fig. 1(b) shows the Miller indices of the GaAs lattice structure
as defined in Cartesian coordinates, and illustrates the polarizations and propagation of the three
waves to be mixed. The three waves are defined as the pump wave ωp , with electric field Ep ; the
signal wave ωs, with electric field Es; and the idler wave ωi (ωi = ωp − ωs), with electric field Ei ,
where ωp > ωs > ωi .
We consider the applied waves at normal incidence to the wires, with the electric field polarized
parallel to the wires along [001] for the pump wave Ep , and orthogonally polarized along [¯110] for
the signal wave Es. Based on the second order subspecialties χ(2)xyz and χ(2)yzx of GaAs, the resultant
difference wave Ei will be orthogonally polarized along [ ¯110].
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Fig. 1. (a) Structure of silver nanowires of period d embedded in GaAs medium of electric permittivity
εG aA s, with a thickness L = N d, and semi-infinite height and width, where N is the number of wires
columns. (b) Illustration of Miller indices of GaAs lattice structure with Cartesian coordinates, wave
propagation directions, and polarizations.
If the waves are propagating orthogonally to the wires and the electric field is parallel, with the
limit d  λ, the effective permittivity of the structure in the direction parallel to the wires can be
modeled by lossy Drude model [22]–[24] as,
εz = ε‖ = εG aA s
[
1 − ω
2
p lasma
ω (ω + iγeff)
]
(1)
γeff = εo
σ
2c2
a2 ln (d/a) , ωp lasma =
1
εG aA s
2πc2
d2 ln (d/a) (2)
Here γeff is the effective damping frequency, ωp lasma is the effective plasma frequency, and σ is
the static conductivity of silver. The effective damping frequency γeff strongly depends on the wires
radius a, which offers more degree of freedom to modify the absorption properties of the structure.
If the wires radii are very thin compared to the wavelength (a  λ), their orthogonal polarization
can be neglected, and the orthogonal permittivity will be the same as the host medium εG aA s [25],
εx = εy = ε⊥ = εG aA s (3)
The TE polarization has the electric field directed along the z-axis; and the TM polarization
has the electric field oriented parallel to the xy plane, which thus has components in x the and y
directions. The idler wave ωi and the signal wave ωs are TM polarized with wavevectors ki and ks,
respectively. They propagate in the plane xy , making an angle of 45° with respect to the x and y
axes. The pump wave ωp is TE polarized in the z-direction with a wavevector kp according to the
following type-I coupling interaction:
Ep (TE ) − Es (TM ) χ
(2)
xzy =χ(2)yzx⇒ Ei (TM ) (4)
Type-I coupling is a polarization configuration where the signal polarization is parallel to the idler
polarization; while in type-II, the signal and the idler polarizations are orthogonal [26]. Efficient
difference frequency generation requires large second-order susceptibility χ(2) and phase match-
ing between the three wavevectors; kp (ωp ), ks(ωs), and ki (ωi ). The phase matching condition is
expressed in terms of the wavevectors as 	k = kp (ωp ) − ks(ωs) − ki (ωi ).
This structure can be successfully fabricated using electrochemically growing of metallic
nanowires in porous alumina template [27]–[30], where the holes are filled with the metals such as
silver (Ag). In the following stage the host alumina matrix is removed, and the free-standing wires
are filled with another material such as GaAs [29], [30].
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Fig. 2. Parallel and perpendicular permittivities ε‖ and ε⊥ for wires dimeter 2a = 35 nm and period
d = 350 nm; (a), (b) real parts of parallel and orthogonal permittivities. (c), (d) imaginary parts of
parallel and orthogonal permittivities.
3. Results and Discussions
We investigated the structure within the optical transmission window of GaAs, in the spectral region
from 1 μm to 17 μm. The pump wave has the shortest wavelength, the idler wave has the longest
wavelength, and the wavelength of the signal wave is between the other two. The structure is tuned
by varying the pump wave frequency ωp and the signal wave frequency ωs. The idler wave is the
wave with the difference frequency ωi = ωp − ωs that satisfies the phase matching condition. We
used experimentally measured data for GaAs permittivity [31]. The structure parameters values
have been chosen for the diameter 2a = 35 nm and the period d = 350 nm, as a compromise
between the absorption and the longest achievable difference frequency at the matching.
Fig. 2 shows the real and imaginary parts of the parallel and the orthogonal permittivities ε‖ and
ε⊥. As the pump wave is parallel polarized, the real and imaginary parts of the parallel permittivity are
plotted with respect to the pump-wave wavelengths; at the same time, the orthogonal permittivity is
plotted with respect to the idler-wave wavelengths or the signal-wave wavelengths because of their
orthogonal polarization. The orthogonal permittivity is just the plot of the experimental measured
data of GaAs permittivity, with only the real part values and neglecting the imaginary part [31]. The
silver conductivity in Eq. (2) is 6.28∗107
−1m−1.
To examine the phase matching aspect, it is necessary to deal with the refractive indices,
n‖ = Re(±√ε‖) and n⊥ = Re(±√ε⊥). The square root has two possible solution values, positive
or negative (negative refractive index). Since the orthogonal permittivity is the permittivity of GaAs
(ε⊥ = εG aA s), this indicates a positive refractive index. In the case of the parallel permittivity ε‖, the
causality requires the imaginary part of the refractive index to be positive for any passive material
[17], [32], [33], which results in a positive refractive index. Fig. 3 shows the parallel and perpendicu-
lar refractive indices. The parallel refractive index n‖ has strongly dispersive properties because of
the effect of the metal nanowires, while the perpendicular n⊥, which is the experimentally measured
data of the refractive index of GaAs [31], is less dispersive. These contrasting refractive indices
Vol. 10, No. 3, June 2018 1300110
IEEE Photonics Journal Phase Matching for DFG in GaAs Via an Artificial Birefringence
Fig. 3. Parallel n‖ and orthogonal n⊥ indices for wires dimeter 2a = 35 nm and period d = 350 nm;
(a) parallel index, (b) orthogonal index.
Fig. 4. Three layers system to find reflectance R and transmittance T .
along the principle axes provide a possibility of achieving phase matching for three waves mixing
and, specifically, generating frequencies in the mid-infrared region.
The transfer matrix method was used to compute the absorption through the structure medium
as it is treated as macroscopically uniform medium [17], with a complex effective refractive index
n˜‖ =
√
ε‖. The system is three layers media as shown in Fig. 4. The structure of thickness L and
complex refractive index n˜‖ is impressed in a layer of index no. Three transfer matrices needed to
find and multiplied to get the complete transfer matrix.
First, we find the transfer matrices at the two interfaces:
M 12 = 1t12
[
1 r 12
r 12 1
]
(5)
M 23 = 1t23
[
1 r 23
r 23 1
]
(6)
The transfer matrix of the structure layer between the interfaces is as following:
M 2 =
[
ejδ 0
0 e−jδ
]
(7)
Where r 12 = −r 23 = r = no−n˜‖no+n˜‖ , t12 =
2no
no+n˜‖ , t23 = 2n˜
‖
no+n˜‖ , and δ = 2πλ n˜‖L . The complete transfer ma-
trix M = M 12M 23M 2:
M =
[
b11 b12
b21 b22
]
= e
jδ
t12t23
[
1 − r 2e−j2δ −r (1 − e−j2δ)
r
(
1 − e−j2δ) −r 2 + e−j2δ
]
(8)
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Fig. 5. Absorption of structure for wires diameter 2a = 35 nm , period d = 350 nm, no = 1, and thickness
L = N d = 35 μm with N = 100 (number of wire columns).
This three -layers system behaves as Fabry-Perot etalon illuminated by one incident light from
the left of the structure, then the reflectance R and transmittance T are defined from the matrix M
as following:
R =
∣∣∣∣b21b11
∣∣∣∣
2
=
∣∣∣∣∣ r
(
1 − e−j2δ)
1 − r 2e−j2δ
∣∣∣∣∣
2
(9)
T =
∣∣∣∣ 1b11
∣∣∣∣
2
=
∣∣∣∣ t12t23e−jδ1 − r 2e−j2δ
∣∣∣∣
2
(10)
Fig. 5 shows the absorption A = 1 − R − T of the structure for thickness L = N d = 35 μm with
N = 100 (number of wire columns), where d = 350 nm. R is the reflectance, and T is the trans-
mittance, assuming no = 1 for the surrounding medium. The pump waves whose electric field is
parallel to the wires experience absorption, while the signal and idler waves whose electric fields are
orthogonal to the wires do not experience absorption due to neglecting the orthogonal polarization
of the thin wires [25].
It is obvious from the real part of the parallel permittivity Re(ε‖) in Fig. 2(a), or the absorption
A in Fig. 5, that the plasma wavelength of the structure, λp lasma = c/ωp lasma, is around 5 μm. The
absorption is extremely high at the plasma wavelength, while in the region of the wavelengths
that are much shorter than the plasma wavelength (λ  λp lasma) the absorption is low, in which
case the real part of the parallel permittivity is positive, the imaginary part is very small, and the
optical transmission is dominant. In the region where the wavelengths are much longer than the
plasma wavelength, the optical reflection is dominant. The pump-wave wavelengths λp that satisfy
the phase matching are in the range of the spectrum from 1 μm to 1.2277 μm, which are shorter
in wavelength than the plasma wavelength.
In the spectrum region λ < 3 μm , narrow oscillations (Fabry–Perot oscillations) occur in the
absorption. These oscillations exist because of the coherent interference between the partial internal
reflected waves. The oscillations disappear in the spectrum region λ > 3 μm because the imaginary
part of the parallel permittivity Im(ε‖) in Fig. 2(c) becomes valuable, thus the absorption resonance
starts to dominate, while the partial internal reflections will disappear.
Based on the refractive indices, we can determine the phase mismatch between the waves
according to:
	k = n‖ (ωp ) ωpc − n⊥ (ωs) ωsc − n⊥ (ωi ) ωic (11)
The phase mismatch Eq. (11) was tested by varying the pump frequency ωp and signal frequency
ωs. When the phase mismatch 	k = 0, the difference frequency ωi is assigned to be the third
frequency that satisfies the conservation of energy and momentum.
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Fig. 6. Mismatch plot (	k/kp ) as function of idler wavelength λi at three different values of pump
wavelengths λp = 1 μm, 1.069 μm, and 1.1923 μm, where 	k = kp − ks − ki and kp is wavevector
of the pump signal. Matching is achieved at the signal wavelengths λs = 1.0997 μm, 1.2455 μm, and
1.7222 μm, respectively. Resulting idler wavelengths are λi = 11.033 μm, 7.5406 μm, and 3.875 μm,
respectively.
Fig. 7. Tuning relationship between three wavelengths that satisfy the phase matching condition. Pump
wavelengths vary from 1 μm to 1.2277 μm, signal wavelengths change from 1.0997 μm to 2.1809 μm,
and idler wavelength extend from 11.033 μm to 2.8091 μm.
Fig. 6 shows the case of the phase mismatch plot (	k/kp ) as a function of the idler wavelength
λi , at three different values of the pump wavelengths λp = 1 μm, 1.069 μm, and 1.1923 μm. It
was found that the phase matching is satisfied at the following idler wavelengths λi = 11.033 μm,
7.5406 μm, and 3.875 μm, respectively. The corresponding signal wavelengths at the matching
are λs = 1.0997 μm, 1.2455 μm, and 1.7222 μm, respectively. The tuning relationship between
the three wavelengths that satisfied the phase matching and the energy conservation in the entire
spectrum from 1 μm to 17 μm is shown in Fig. 7.
It is clear from this tuning relationship that the possible tuned range of the idler wavelengths, which
is in the mid-infrared range, is broad, and extends from 11 μm as the longest wavelength to the
shortest wavelength of 2.8 μm. The pump-wave wavelengths vary from 1 μm to 1.2277 μm, while
the signal-wave wavelengths changes from 1.0997 μm to 2.1809 μm. This is a very interesting
result since the pump and the signal wavelengths lie in the spectrum region from 1 μm up to 2 μm,
in which the conventional tunable laser sources are available.
Nonlinear conversion processes are generally very weak due to small nonlinear coefficients of
materials. The conversion efficiency at phase matching 	k = 0 in a plane-wave approximation,
nondepleted pump approximation, and including the effects of linear absorption is given by [34]:
η = Pi
Ps
= ηoe[−(αp +αs+αi )L /2] sinh
2 [(αp + αs − αi ) L /4][(
αp + αs − αi
)
L /4
]2 , ηo = 8π
2d (2)eff L
2I p
εonp nsn i cλ2i
(12)
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Fig. 8. Absorption coefficient α with respect to the pump wavelength for L = 35 μm and d = 350 nm.
Fig. 9. Normalized efficiency η/I p .
ηo is the lossless efficiency. αp , αs, and αi are absorption coefficients for pump, signal, and idler
waves, respectively. np , ns, and n i are refractive indices for pump, signal, idler waves, respectively.
If the signal and the idler waves absorptions are neglected because of their negligible interaction
to the tiny nanowires, the normalized efficiency to the pump intensity I p is given as:
η
I p
= 8π
2d (2)eff L
2
εonp nsn i cλ2i
e
(
−α‖L
2
) sinh2
(
α‖L
4
)
(
α‖L
4
)2 (13)
α‖ is the absorption coefficient along the nanowires, and α‖ = αp = 4π ∗ i m(
√
ε‖)/λp . Fig. 8 shows
the absorption coefficient α‖ versus the pump wavelength at phase matching, from 1 μm to
1.2277 μm. Absorption causes a propagation loss to the pump wave of 0.05 dB/μm at the wave-
length of 1 μm, and 0.075 dB/μm at wavelength 1.2 μm.
Fig. 9 shows the normalized efficiency η/Ip versus the propagation length with the following
parameters: λi = 11 μm , np = 3.4415, ns = 3.4591, n i = 3.2678, and d (2)eff = 370 pm/V [1]. The
efficiency is very week and limited with the propagation distances because of the ohmic loss at the
pump wavelengths. Larger refractive indices and longer idler wavelengths decrease the efficiency.
This efficiency could be higher if pump depletion is assumed. Practically, the propagation loss
of metallic nanowires, e.g., silver, is much less than the theoretically calculated [35]. We expect,
based on the results in [35], the propagation loss in our structure be much less than theoretically
calculated; this will increase the efficiency as well as the propagation length.
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4. Conclusion
We have investigated the phase matching condition for DFG by using a composite structure of
metamaterial of mixing GaAs as a nonlinear material with periodic arrays of silver nanowires. The
structure exhibits extreme optical anisotropy along the principle axes due to the higher parallel po-
larization along the wires compared with the orthogonal polarization. Phase matching was achieved
for generating tunable broad mid-infrared wavelengths from 2.8 μm to 11 µm . The pump and the
signal wavelengths lie in the spectrum range from 1 µm to 2 mum . The absorption by metallic
nanoparticles is a challenging problem in metamaterials. Here, we applied the pump wave of the
shortest wavelengths, from 1 μm to 1.2277 µm , as parallel polarized wave along the wires, in which
the absorption is minimum. To shift the spectrum, the period d should be changed to larger values
for the redshift and lower for the blueshift.
This investigated region of the mid-infrared from 2.8 µm to 11 µm is a part of the mid-infrared
spectrum 3 − 20 µm , which is very interesting in science and technology. It is the wavelengths region
of vibrational resonances of many molecules, making the mid-infrared sources very important in
spectroscopy, chemical and biomolecular sensing. Also, it lies in the two of the optical transmission
windows of the atmosphere 3–5 µm and 8–13 µm , which are important in remote sensing.
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